Abstract. This note contains two remarks about the application of the d-invariant in Heegaard Floer homology and Donaldson's diagonalization theorem to knot theory. The first is the equivalence of two obstructions they give to a 2-bridge knot being smoothly slice. The second carries out a suggestion by Stefan Friedl to replace the use of Heegaard Floer homology by Donaldson's theorem in the proof of the main result of [Gre13] concerning Conway mutation of alternating links.
Introduction.
Donaldson's diagonalization theorem and Heegaard Floer homology have led to great success in knot theory. In this note, we focus on two specific applications of these tools to knot concordance and mutation that appear in the literature. We show how in both cases they can be used interchangeably towards the same end. The moral is that for the applications considered herein, the d-invariant in Heegaard Floer homology simply repackages the information already carried by Donaldson's theorem. This is not unexpected in light of the close relationship between them (see [OSz03, Section 9] ).
We first briefly recall both tools at work. Donaldson's theorem asserts that if Z is a closed, oriented, smooth 4-manifold whose intersection pairing Q Z is definite, then H 2 (Z; Z)/Tors admits an orthonormal basis with respect to Q Z [Don87, Theorem 1]. The d-invariant is a highly useful invariant defined by Ozsváth and Szabó in Heegaard Floer homology. It is modeled on the h-invariant defined by Frøyshov in Seiberg Witten Floer homology. It assigns a rational number d(Y, t) to a closed, oriented 3-manifold Y equipped with a torsion spin c structure t.
To set the stage for the main results, we recall how both of these tools can be used in order to prove that the pretzel knot P (−3, 5, 7) is not smoothly slice. By contrast, this knot is topologically slice, since it has trivial Alexander polynomial [FQ90] . The existence of topologically slice knots that are not smoothly slice was a sensational early application of Donaldson's and Freedman's work. According to the paper of Cochran and Gompf, the line of argument using Donaldson's theorem is due to Casson [CG88, §1] . The line of argument using Heegaard Floer homology is standard by now. As we shall see, the two proofs are slight variations of one another.
The starting point for both proofs is the following observation. If a knot K bounds a disk D smoothly and properly embedded in D 4 , then the double cover of D 4 branched along D is a smooth, compact 4-manifold Σ(D) with the Z/2Z (and hence rational) homology groups of a ball, and its boundary Σ(K) is the double cover of S 3 branched along K [CG86, Lemma 2]. For the case K = P (−3, 5, 7), the manifold Σ(K) is the Brieskorn sphere −Σ(3, 5, 7). This space bounds a smooth, compact 4-manifold X obtained by plumbing disk-bundles over spheres and for which (H 2 (X; Z), Q X ) is isometric to the unimodular, definite lattice D + 12 (see [OS03, Section 3.2]). Now, if K = P (−3, 5, 7) were smoothly slice, then Σ(K) would also bound a smooth rational homology ball W . The union Z = X ∪ (−W ) would then be a smooth, closed 4-manifold with (H 2 (Z; Z)/Tors, Q Z ) isometric to D shows that d(Y, t) = −2, where t denotes the unique spin c structure on Y . Since t is the unique spin c structure on Σ(K), it extends over any smooth, compact 4-manifold filling Σ(K). On the other hand, if t extends to a spin c structure on a rational homology ball W that fills Y , then d(Y, t) = 0 [OSz03, Proposition 9.9]. It follows once more that no rational homology ball fills Σ(K), so K is not smoothly slice.
The two proofs that P (−3, 5, 7) is not smoothly slice are both based on the existence of the 4-manifold X, properties of the D + 12 lattice, and a suitably sensitive tool in smooth 4-manifold topology. In fact, the result and both proofs generalize to any knot K for which Σ(K) bounds a 4-manifold with a positive definite intersection pairing not isometric to the Euclidean lattice Z n . The proof using Donaldson's theorem generalizes directly. The proof using Heegaard Floer homology does as well, as the d-invariant of such a manifold is negative by [OSz03, Theorem 9 .6] and a theorem of Elkies [Elk95] .
In Section 2 we show that, in much the same way, two obstructions in the literature to a two-bridge knot being smoothly slice, one from Donaldson's theorem and one from the dinvariant, are equivalent. In Section 3 we highlight a novel instance in which Donaldson's theorem can be used in place of Heegaard Floer homology. This possibility was pointed out by Stefan Friedl. The main result of [Gre13] 
Sliceness of two-bridge knots.
Let Y denote an oriented rational homology 3-sphere, and suppose that Y bounds an oriented rational homology 4-ball W . As remarked above, Ozsváth and Szabó showed that the invariant d(Y, t) vanishes for any spin c structure t on Y that extends across W . A lot of work has gone into using this fact as an obstruction: given a rational homology sphere Y , one attempts to argue that it is not the boundary of any rational homology ball. For instance, if all of the correction terms d(Y, t) are non-zero, then one concludes that Y does not bound a rational ball, as we did above in the case of Σ(3, 5, 7). Variations on this theme are carried out in [GJ11] , [GRS08] , [JN07] , [Lec12] , [Lis07a, Lis07b] , and [OS12] .
Most applications of this idea require somewhat more: one seeks more a priori conditions on which spin c structures on Y could extend over a putative rational ball, and to combine these conditions with the vanishing of the correction terms. Casson and Gordon observed that the image of the restriction mapping r H : We shall use the following lattice-theoretic description of T . Express Y by integral surgery along a framed link L ⊂ S 3 = ∂D 4 . Attaching 2-handles to D 4 along L produces a 4-manifold X with ∂X = Y , H 1 (X; Z) = 0, and whose intersection pairing Λ = (H 2 (X; Z), Q X ) is presented by the linking matrix of L. Now glue X and the putative Z/2Z homology ball −W by an orientation-reversing diffeomorphism of their boundaries to produce a closed 4-manifold Z. By Poincaré duality, the intersection pairing lattice Λ = (H 2 (Z; Z), Q Z ) is unimodular and integral, and the inclusion X → Z induces an inclusion Λ → Λ . Since H 1 (X; Z) = 0, every spin c structure on Y extends across X, so a spin c structure on Y extends across W if and only if it extends across Z. Since H 1 (X; Z/2Z) and H 1 (Z; Z/2Z) vanish, the first Chern class mapping c 1 establishes one-to-one correspondences Spin c (X) ↔ Char(Λ) and Spin c (Z) ↔ Char(Λ ), the sets of characteristic elements for these lattices [GS99, pp.56-57]. Under the first correspondence, the restriction mapping Spin c (X) → Spin c (Y ) corresponds to the mapping Char(Λ) → X (Λ), where X (Λ) denotes the set of equivalence classes of Char(Λ) modulo 2Λ. Under the identification Spin c (Y ) ↔ X (Λ), the set of spin c structures on Y that extend over Z is precisely Char(Λ ) (mod 2Λ). Specializing to the case that H 2 (Y ; Z) is cyclic of order m 2 , it follows that T can be identified with Char(Λ ) (mod 2Λ).
As an application of these ideas, suppose that the two-bridge knot S(p, q) is smoothly slice. Then Σ(K) ≈ L(p, q) bounds a Z/2Z homology ball W . The previous discussion implies that p = m 2 is odd and there exists a unique subset T ⊂ Spin c (L(p, q) ) of order m which can extend over W . Moreover, we have the following condition:
Variations on this condition appear in [GRS08, JN07] , where it and its enhancements get used in order to bound the concordance orders of some 2-bridge knots.
On the other hand, the lens space L(p, q) bounds a positive definite plumbing manifold X(p, q) with intersection pairing lattice Λ 1 , and L(p, p − q) bounds a positive definite plumbing manifold X(p, p − q) with intersection pairing lattice Λ 2 . Both X(p, q) ∪ (−W ) and X(p, p − q) ∪ W are smooth, closed, definite 4-manifolds, so by Donaldson's theorem they have diagonalizable intersection pairing lattices Z r 1 and Z r 2 , respectively, where r i = rk(Λ i ). We obtain the following condition:
This condition appears in the work [Lis07a, Lis07b] . By a remarkable combinatorial argument, Lisca showed that this condition is also sufficient. Moreover, he used it to determine the concordance orders of all two-bridge knots.
Thus, (1) and (2) are two a priori different necessary conditions for a lens space to bound a rational ball. In light of Lisca's result, it is clear that (2) is at least as strong as (1). It stands to wonder whether (1) could have been used towards the same conclusion. In fact, as we now argue, conditions (1) and (2) are equivalent (independently of Lisca's result).
Proposition 2.1. Conditions (1) and (2) on a lens space are equivalent.
Proof. (1) =⇒ (2): As discussed, T can be identified with Char(Λ i ) (mod 2Λ i ), where Λ i is the unique unimodular lattice with Λ i ⊂ Λ i ⊂ Λ * i . By (1), d vanishes on this subset, so the d-invariant of Λ i is 0. By Elkies's theorem [Elk95] , it follows that Λ i ≈ Z r i , so condition (2) holds.
(1) =⇒ (2): Since the d-invariant of Z r i is zero, it follows from (2) that d(L(p, q), t) and d(L(p, p − q), t) are non-negative for all t ∈ T . On the other hand, d(L(p, q), t) = −d(L(p, p − q), t), so both values vanish, and (1) holds.
Observe that the statement and proof of Proposition 2.1 extends to any space Y for which H 2 (Y ; Z) is a cyclic group with order an odd perfect square and both Y and −Y bound positive definite 4-manifolds with vanishing H 1 . A similar but somewhat more complicated conclusion may be drawn without the assumptions on H 2 (Y ; Z). 
Similarly, consideration of the pair (D, D ) yields a torsor isomorphism
with the property that 
